
Ma 121a, Spring 2017
Homework 1, due Friday 4/21 at 2pm

Note that the book gives hints for many of the problems in Appendix 1.

Graphs:
1. (Problem 1H) An undirected, loopless, multigraph G on the vertex set
{1, 2, . . . n} is determined up to isomorphism by its adjacency matrix AG, the
symmetric matrix with coefficients aij = |edges incident to i and j|. This is
a matrix with nonnegative integer entries, so the same is true for Ak for all
k. Problem: Give a combinatorial interpretation for the entries of Ak.
2. (Problem 1I) Let Q be a set of q elements, and let G be the (simple)
graph on the vertex set Qn defined by putting an edge between two n-tuples
if they differ in precisely one coordinate. Construct a Hamiltonian circuit
on G. (Hamiltonian circuits on combinatorial graphs “like” G (with vertices
given by combinatorial objects and edges corresponding to “small” changes)
are often known as Gray codes, by analogy with the case q = 2 of this
problem.)

Trees:
3. (Problem 1C, extended) Prove that a graph on n vertices is a forest if
and only if the number of edges plus the number of components equals n.
4. (Problem 2D1) Consider the following alternate greedy algorithm for
constructing a minimum-cost spanning tree in a weighted graph G. First,
choose a vertex x1 of G, and let T1 be the one-vertex tree given by x1. Then
at step k for 1 ≤ k < |V (G)|, we construct a new tree Tk+1 by adding an
edge to Tk; the chosen edge should be the (a) cheapest edge with one vertex
in V (Tk) and one vertex outside V (Tk). Prove that Tn is a minimum-cost
spanning tree.

Ramsey Theory:
5. (Problem 3H) Show that if the edges of K17 are colored with three colors,
there must be a monochromatic triangle. (I.e., show that N(3, 3, 3) ≤ 17.)

The next problem is a fairly typical way in which finite fields show up
in structural combinatorics:
6. (Problem 3I, restated) Let F16 be the field with 16 elements, and let
F
∗

16 denote the corresponding multiplicative group. Show that there exists
a function f : F∗

16 → {0, 1, 2} such that if we label the vertices of K16 by
elements of F16, and color the edge from i to j by f(i+ j), then this three-
coloring has no monochromatic triangle. (I.e., show that N(3, 3, 3) > 16.)
(Hint: When in doubt, try a homomorphism)

1Some editions have two problem 2D’s, and give the hint for this one under 2C
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